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a b s t r a c t
This note deals with a class of heat emission processes in a medium with a non-negative
source, a nonlinear decreasing thermal conductivity and a linear radiation (Robin) bound-
ary condition. For such heat emission problems, we make use of a first-order differential
inequality technique to establish conditions on the data sufficient to guarantee that the
blow-up of the solutions does occur or does not occur. In addition, the same technique is
used to determine a lower bound for the blow-up time when blow-up occurs.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The mathematical investigation of the blow-up phenomena of solutions to nonlinear parabolic equations and systems
has received a great deal of attention during the last few decades (we refer the reader especially to the books of Quittner
and Souplet [1] and Samarskii et al. [2] or to the survey paper of Galaktionov and Vazquez [3] and the many references cited
therein). Nowadays,manymethods are known for the study of various questions concernedwith the blow-up phenomena in
parabolic problems, such as the existence and non-existence of global solutions, blow-up solutions, upper bounds on blow-
up time, blow-up rates and asymptotic behavior of solutions (see, for instance, Levine [4] for a list of six methods). In many
cases, the techniques used in the study of blow-up phenomena lead to upper bounds for the blow-up time when blow-up
occurs. However, due to the explosive nature of the solutions, it is very important in applications to instead determine lower
bounds on the blow-up time. By means of a first-order differential inequality, such a lower bound on the blow-up time was
recently obtained by Payne and Schaefer [5] in the case of the following semilinear heat equation:
1u− u,t = −f (u),
under homogeneous Dirichlet boundary conditions and suitable constraints on the data. Thereafter, the differential inequal-
ity techniquewas successfully employed to obtain other lower bounds on the blow-up time for blow-up solutions of various
parabolic problems and to also determine criteria which imply that blow-up does or does not occur (see [6,7] and the ref-
erences cited therein).
In this short note we are going to investigate the blow-up phenomena for the following class of quasilinear initial–
boundary value problems:
(g(u)u,i),i − u,t = −f (u), x ∈ Ω, t > 0,
∂u
∂n
+ γ u(x, t) = 0, x ∈ ∂Ω, t > 0,
u(x, 0) = h(x) ≥ 0, x ∈ Ω,
(1.1)
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where Ω is a bounded domain in RN (N ≥ 2), with smooth boundary ∂Ω, g is a positive non-increasing function, with
g(s) ≥ gm for all s > 0

gm ∈ R∗+

, f and h are non-negative functions, with f (0) = 0, and γ is a positive constant. Our aim
is to show that the results obtained by Payne and Schaefer in [6], for the case g ≡ 1 in (1.1), may be extended to our more
general case.
The notations u,i := ∂u∂xi , u,ij := ∂
2u
∂xi∂xj
will be used throughout this work, and summation from 1 to N is understood for
repeated indices.
2. The criterion for blow-up of solution u(x, t) in problem (1.1)
In this section we establish sufficient conditions on the data of problem (1.1) to produce blow-up of the solution u(x, t)
at some finite time t∗ and under these conditions we derive an explicit upper bound for t∗. Our investigation will make use
of the following auxiliary functions:
F(s) :=
∫ s
0
f (y)g(y)dy, G(s) := 2
∫ s
0
yg(y)dy, H(s) := γ
∫ s
0
yg2(y)dy, s > 0,
A(t) :=
∫
Ω
G(u(x, t))dx, B(t) :=
∫
Ω
[
F(u(x, t))− 1
2
g2 |∇u|2
]
dx−
∫
∂Ω
H (u(x, t)) ds, t ≥ 0,
(2.1)
where u(x, t) is the solution of problem (1.1).
The main result of this section is formulated in the following theorem:
Theorem 2.1. Let u(x, t) be the classical solution of the parabolic problem (1.1). Assume that the data of problem (1.1) satisfy
the following conditions:
sf (s)g(s) ≥ 2(1+ α)F(s), s > 0, (2.2)
where α is a positive parameter, and B(0) ≥ 0, i.e.∫
Ω
[
F(h)− 1
2
g2 (h) |∇h|2
]
dx−
∫
∂Ω
H(h)ds ≥ 0. (2.3)
We then conclude that u(x, t) blows up at some finite time t∗ < T , with
T := 1
4α(α + 1)A(0)B
−1(0) ≤ ∞. (2.4)
Proof. We compute
A′(t) = 2
∫
Ω
fgudx+ 2
∫
Ω
gu

gu,i

,i dx
= 2
∫
Ω
fgudx− 2γ
∫
∂Ω
g2u2dx− 2
∫
Ω
gu,i

g ′u,iu+ gu,i

dx
≥ 4(1+ α)
∫
Ω
F(u)dx− 2(1+ α)
[∫
Ω
g2 |∇u|2 dx+2
∫
∂Ω
H(u)ds
]
= 4(1+ α)B(t), (2.5)
wherewehave used successively the differential equation (1.1), the divergence theorem, the fact that g ′ ≤ 0, the assumption
(2.2) and the definition of B(t).
On the other hand, computing the derivative of B(t), we have
B′(t) = −γ
∫
∂Ω
g2uu,tds+
∫
Ω

gg ′u,t |∇u|2 + g2∇u∇u,t − fgu,t

dx
=
∫
Ω
gu2,tdx, (2.6)
where we have used again the divergence theorem and the differential equation (1.1). Therefore, B(t) is a non-decreasing
function in t and, in view of (2.3), we have
B(t) ≥ B(0) ≥ 0, t ≥ 0. (2.7)
Next, using successively (2.5), the Schwarz inequality, the fact that g is a non-increasing function, the definition of A(t)
and (2.6), we obtain
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(1+ α)A′B(t) ≤ 1
4
A′(t)2 =
∫
Ω
guu,tdx
2
≤
∫
Ω
gu2,tdx
∫
Ω
gu2dx
≤ 2
∫
Ω
∫ u
0
sg(s)ds

dx
∫
Ω
gu2,tdx
= AB′(t), (2.8)
so we have
d
dt

BA−(1+α)
 ≥ 0. (2.9)
Integrating (2.9) from 0 to t we obtain
B(t)/B(0) ≥ [A(t)/A(0)]1+α . (2.10)
Therefore, combining (2.5) and (2.10) we get
A′(t) ≥ MA(t)1+α, whereM := 4(1+ α)B(0)A(0)−(1+α) ≥ 0. (2.11)
Integrating now (2.11) from 0 to t , we obtain the inequality
A(t)−α ≤ A(0)−α − αMt. (2.12)
But this inequality cannot hold for
t ≥ T = 1
4α(α + 1)A(0)B
−1(0). (2.13)
In conclusion, the solution u(x, t) of problem (1.1) fails to exist by blowing up at some finite time t∗ < T . 
3. A lower bound for the blow-up time
In this section we consider the problem (1.1) in the three-dimensional euclidean space and seek a lower bound on the
blow-up time for a classical solution if blow-up occurs at some finite time t∗. For this aim, we assume that the nonlinear
functions f and g satisfy the following condition:
0 < f (s) ≤ kg(s)
∫ s
0
1
g(y)
dy
p+1
, s > 0, (3.1)
for some real constants k > 0 and p ≥ 1. We have the following result:
Theorem 3.1. Assume that Ω is a bounded convex domain inR3, with smooth boundary ∂Ω . If u(x, t) is a non-negative classical
solution of the parabolic problems (1.1)–(3.1), which becomes unbounded in the measure
Φ(t) :=
∫
Ω
∫ u(x,t)
0
1
g(y)
dy
2p
dx, (3.2)
at some finite time t∗, then the blow-up time t∗ is bounded below as follows:
t∗ ≥
∫ ∞
η0
dη
K1η3/2 + K2η3 , where η0 :=
∫
Ω
∫ h(x)
0
1
g(y)
dy

dx, (3.3)
K1 = 33/4pkρ−3/2, K2 = p
7k4
25 (2p− 1)3 g3m

d
ρ
+ 1
6
, ρ := min
∂Ω
xini, d2 := max
Ω
|x|2, (3.4)
and ni denotes the i-th component of the unit outer normal vector to ∂Ω .
Proof. For simplicity, we define
v(s) :=
∫ s
0
1
g(y)
dy, s > 0, (3.5)
and compute
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Φ ′(t) = 2p
∫
Ω
v2p−1
1
g

gu,i

,i + f (u)

dx
= −2pγ
∫
∂Ω
v2p−1uds− 2p
∫
Ω
[
(2p− 1)v2p−2 1
g
|∇u|2 − v2p−1 g
′
g
|∇u|2 − v2p−1 f
g
]
dx
≤ 2pk
∫
Ω
v3pdx− 2(2p− 1)gm
p
∫
Ω
∇vp2 dx, (3.6)
where we have used successively the differential equation (1.1), the divergence theorem, the assumption (3.1), the fact that
g ′ ≤ 0 and the following identity:∇vp2 = p2v2p−2 |∇v|2 . (3.7)
Next, we make use of an integral inequality due to Payne and Schaefer (see (2.16) in [8]; we notice that the convexity ofΩ
was used in the derivation of (3.8)):∫
Ω
v3pdx ≤ 1
33/4

3
2ρ
∫
Ω
v2pdx+

d
ρ
+ 1
∫
Ω
v2pdx
1/2 ∫
Ω
∇vp2 dx1/23/2 . (3.8)
Using in (3.8) the following inequalities for the positive real numbers a, b and β:
(a+ b)3/2 ≤ 21/2 a3/2 + b3/2 , a1/4b3/4 ≤ 1
4
aβ−3 + 3
4
bβ, (3.9)
we obtain∫
Ω
v3pdx ≤ 2
1/2
33/4

3
2ρ
3/2 ∫
Ω
v2pdx
3/2
+

d
ρ
+ 1
3/2 1
4
β−3
∫
Ω
v2pdx
3
+ 3
4
β
∫
Ω
∇vp2 dx . (3.10)
Choosing now the real parameter β as
β := 2
3/2(2p− 1)gm
31/4p2k

d
ρ
+ 1
−3/2
gm, (3.11)
and replacing (3.10) in (3.6), we get
Φ ′(t) ≤ K1Φ3/2 + K2Φ3. (3.12)
Integrating (3.12) fromΦ(0) to∞, we deduce the desired lower bound (3.3) and the proof is achieved. 
We notice that the results of Sections 2 and 3 remain valid if we deal with a Neumann boundary condition (γ = 0)
in problem (1.1). If we deal with a Dirichlet boundary condition in (1.1), an equivalent of Theorem 2.1 was obtained in
Enache [9].
4. A criterion for no blow-up
In this section, we consider again problem (1.1) in a convex domain Ω ⊂ R3 and establish conditions on the data
which prevent the blow-up of the non-negative solution u(x, t). We denote byµ1 the first positive eigenvalue in the elastic
membrane problem
1w + µw = 0, x ∈ Ω
∂w
∂n
+ σw = 0, x ∈ ∂Ω, with σ :=
4p2γ
4p− 1 . (4.1)
We have the following result:
Theorem 4.1. Assume that Ω is a bounded convex domain inR3, with smooth boundary ∂Ω . If u(x, t) is a non-negative classical
solution of (1.1)–(3.1), with p ≥ 1/2 in (3.1), and h satisfies the inequality∫
Ω
∫ h(x)
0
1
g (y)
dy
4p
dx ≤
[
(4p− 1)gm
pM
µ1
]4
, where M := 2
5/4pk
33/8
[µ1
σ
3/4 + σ 3/4] , (4.2)
then the solution u(x, t) exists for all time.
We notice that a lower bound on µ1 was determined by Daners in [10].
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Proof. Let us introduce the following auxiliary function:
Ψ (t) :=
∫
Ω
∫ u(x,t)
0
1
g(y)
dy
4p
dx. (4.3)
Using the notation (3.5), we compute
Ψ ′(t) = 4p
∫
Ω
v4p−1
1
g

gu,i

,i + f (u)

dx
= 4p
∫
Ω
v4p−1
f
g
dx− 4pγ
∫
∂Ω
v4p−1udx− 4p
∫
Ω
[
(4p− 1)v4p−2v,i 1g − v
4p−1 g
′
g2
u,i
]
gu,idx
≤ 4pk
∫
Ω
v5pdx− 4pγ gm
∫
∂Ω
v4pds− 4p− 1
p
gm
∫
Ω
∇v2p2 dx (4.4)
where we have used successively the differential equation (1.1), the divergence theorem, the assumption (3.1), the fact that
g ′ ≤ 0 and the identity (3.7) (with 2p instead of p).
Next, in order to bound the third integral in (4.4), we make use of the following integral inequality derived by Payne and
Schaefer (see (4.8) in [6]):∫
Ω
v5pdx ≤ 1
33/8
1
(2σ)3/4
[
σ
∫
∂Ω
v4pds+
∫
Ω
∇v2p2 dx]3/4 + σ 3/2 ∫
Ω
v4p
3/4∫
Ω
v4p
1/2
. (4.5)
On the other hand, from the variational characterization of µ1 in (4.1), we know that
Q := σ
∫
∂Ω
v4pds+
∫
Ω
∇v2p2 dx ≥ µ1 ∫
Ω
v4pdx. (4.6)
Using now (4.5) and (4.6) in (4.4), we obtain
Ψ ′(t) ≤ −4p− 1
p
gmQ + 4pk
33/8 (2σ)3/4

Q 3/4Ψ 1/2 + σ 3/2Ψ 5/4
≤ Q 3/4
[
− (4p− 1)gm
p
µ
1/4
1 Ψ
1/4 + 4pk
33/8 (2σ)3/4
Ψ 1/2
]
+ 2
5/4pk
33/8
σ 3/4Ψ 5/4, (4.7)
where we have used again (4.6). As long as the last bracket in (4.7) is negative (we notice that condition (4.2) implies that
initially the bracket is negative), we can use again (4.6) to get
Ψ ′(t) ≤ −Ψ
[
(4p− 1)gm
p
µ1 −MΨ 1/4
]
. (4.8)
Hence, from (4.2) it follows that Ψ (t) decays in time, so u(x, t)will exist for all time and the proof is achieved. 
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